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Summary
Plant roots can help to stabilise slopes. Existing analytical models to predict
their mechanical contribution are however limited: they typically focus on the
ultimate limit state, employ various empirical factors, and ignore much of the
underlying root-soil interaction. A new model was developed based on large
deflection Euler-Bernoulli elastic beam theory that can be used to study the
mobilisation of root strength under various loading conditions (direct shear and
pull-out). Both lateral and axial loading of the root by the soil were incorporated,
based on existing methodologies for foundation piles (p-y and t-z curves). The
model is able to take the key parameters into account (root biomechanical
properties, root architectural properties, and soil properties) while remaining
quick to solve using a numerical boundary value problem solver. The model
was compared with experimental direct shear test data using various root
analogues (rubber, plastic, and wood) in dry sand with various densities and
effective stress levels and was able to accurately predict the measured shear
force-displacement behaviour. Comparison with experimentally measured
pull-out force-displacement curves using rubber and wooden root analogues
with various architectures in dry and partially saturated sands was also satisfac-
tory. In the future, thismodel can aidwith addressing long-standing problems in
the root-reinforcement community: quantifying the effect of (sequential) mobil-
isation of root strength in direct shear, the effect of the angle at which the
root crosses a shear plane, the effect of root topology on root-reinforcement
or the effect of root bending, and root shear shear forces on root-reinforcement.
KEYWORDS
direct shear, Euler-Bernoulli beam, pull-out, reinforcement, roots, soil
1 INTRODUCTION
The mechanical action of roots can help to reinforce slopes against deformation and failure. Roots can provide additional
hydromechanical reinforcement by enhancing soil matric suction through water uptake. However, their contribution is
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FIGURE 1 Schematic representation of roots loaded in direct shear [Colour figure can be viewed at wileyonlinelibrary.com]
difficult to quantify due to the complicated nature of the interaction between the root systems and the soil. Themagnitude
ofmechanical reinforcement depends on root properties (eg, strength, stiffness, and cross-sectional shape), soil properties
(eg, stress-strain behaviour), root-soil interaction properties (eg root-soil friction), and root architectural properties (eg,
root tortuosity, angle between root and shear plane, root branching and connectivity), all of whichmight vary in time and
space.
Various models to quantify mechanical root reinforcement have been developed, with various amounts of simplifi-
cation. The most well-known root-reinforcement model expresses the ultimate contribution of a single root to shear
resistance as an increase in the apparent cohesion of the rooted soil (cr, dubbed “root cohesion”), after Wu et al1 (WWM):
cr = k′𝜎t
A
Ash
, (1)
where 𝜎t is the root tensile strength, A is the cross-sectional area of an individual root, and Ash is the cross-sectional area
of the shear plane. To find the total reinforcement, the contributions of all individual roots are summed. k′ is a coefficient
based on the angle of the root (Θ) and the direction of shearing (Θsh; see Figure 1):
k′ = cos(Θsh − Θ) + sin(Θsh − Θ) tan𝜙′, (2)
where 𝜙′ is the angle of internal friction of the soil. The first term in this equation reflects the influence of the component
of the tensile force in the fibre in the direction of shearing. The second term indicates the component normal to the shear
plane, causing an increase in normal stress on the shear plane. Often, k′ = 1.2 is assumed.1 By superimposing the effect
of each individual root, the total reinforcement can be obtained.
This approach has some severe drawbacks:
1. The root is assumed to be loaded in pure tension, and this analysis is therefore only valid for “thin” roots with low
bending stiffness. Although the literature has recognised that “thicker” roots will be loaded in bending/shear, the
threshold between “thin” and “thick” has never been quantified in terms of root properties such as diameter and
stiffness. The contribution of roots with diameters exceeding 10mm is generally ignored, arguing that their numbers
are low and that they have low tensile strength compared with thin roots. Simplification by ignoring thick roots has
however never been justified in a quantitative way.
2. The model cannot deal with roots loaded in compression (cos(Θsh − Θ) < 0; see Figure 1). An analytical attempt
has been made to predict the root-reinforcement for soils loaded in compression by Schwarz et al2 but only for roots
loaded in pure compression. These authors used a highly simplified model, fitting the relationship between root
diameter and buckling resistance using a two-parameter power law with empirically determined coefficients.
3. It is assumed that all roots mobilise strength simultaneously. However, in reality, some might have broken already
before others are mobilised because of differences in, for example, root strength, stiffness, or orientation. Thus, the
WWMmodel will overestimate the root-reinforcement. Fibre bundle models (FBM) have been proposed by various
authors to account for sequential tensile root failure (eg, Pollen and Simon3), adopting a load sharing algorithm
based on root diameter. This approach yields an additional reduction factor that can be used in Equation 1. However,
the magnitude of this factor strongly depends on the load sharing rules adopted (eg, Mao et al4), and load sharing
rules are generally not based on the actual physical loading mechanism. Also, current FBM suffer from drawbacks
(1) and (2) above.
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4. The model assumes roots are unbranched, straight features that are not interconnected. To calculate the rein-
forcement by a bundle of roots, reinforcements by the individual roots are simply superimposed with no potential
interconnection or interaction. Thus, the effects of root branching, root architecture, root-soil-root interaction, and
root tortuosity are ignored. Root tortuosity results in increased axial anchorage of the root and changes the (appar-
ent) stiffness characteristics during axial pull-out of the root. Real root systems are interconnected networks, and
this is likely to have some but currently unknown effect on the root-reinforcement.
5. A finite relative soil-root displacement is required for roots to mobilise reinforcement, which is not considered in
theWWMor FBM approach. Therefore cr can only be used in ultimate limit state geotechnical analyses (eg, stability
of a slope but not seasonal deformation response).
Many of these shortcomings can be addressed by using finite element (FE) analysis, using separate root and soil ele-
ments (eg, Dupuy et al5 and Mickovski et al6). However, the computational cost of these models makes them unsuitable
for large parametric studies or the study of large boundary value problems, where there are many orders of magnitude of
size difference between the individual roots and the geotechnical system as a whole. Alternatively, a single constitutive
law for the rooted soil can be established, for example, see models for fibre-reinforced sands.7-9 However, these assume
roots behave as one-dimensional tensile elements and also do not directly include branching and architecture effects,
making them unsuitable for “thicker” roots where bending and architecture effects might play a role.
A good compromise between the WWM type of models and finite element analyses is the use of Winkler
beam-spring-supported models. These have been suggested and applied for roots in the past,10-12 although the axial
loading component was either ignored or set to a constant value, so that an analytical solution could be found for the
Euler-Bernoulli differential equation for beam bending:
EI d
4w
dx4
= ql + N
d2w
dx2
, (3)
whereEI is the elastic bending stiffness, andw is the transverse displacement along the root axis x. ql is a transverse loading
term, andN is the axial force (assumed constant) in the root. Transverse loading was either linear elastic10 or constant.12,13
Duckett14 and Liang et al15 used a numerical implementation of such amodel inABAQUS, basing the transverse resistance
term ql on a non-linear model for resistance on laterally loaded piles.16 Such models maintain the key components that
govern the behaviour of the root (root mechanical properties, root architecture/orientation, and soil-root interaction)
while minimising computational cost compared with FE analyses. Liang et al15 further demonstrated that such models
can be used to define equivalent continuum properties for use in FE analyses of large boundary value problems, ie, a
computationally efficient hybrid approach that can work across multiple scales. However, a drawback of methods based
on Equation 3 is that differential equations of this type are only valid for roots undergoing small deflections/deformations.
However, in reality, roots can be quite flexible compared with the surrounding soil, which can result in large, localised
deflections around the shear plane, as will be shown later in this paper.
In this paper, an extended version of such a beam model is proposed that can be solved without the use of finite ele-
ment/finite difference software, incorporating the coupled effects of both bending and axial (frictional) loading terms,
in a form that is valid for large deformations. This model could therefore be used to provide more representative input
information for defining equivalent continuum properties of FE analyses of boundary value problems. The axial and
transverse soil-root resistances are based on existing geotechnical methodologies for foundation piles, using t-z and p-y
theory, respectively. The model is validated against laboratory tests of various root analogues (rubber, plastic, and wood)
in sands with various densities. Experimental data on root analogues loaded both in direct shear and in axial pull-out
were considered in order to validate the model against a wide range of loading conditions.
2 MODEL DESCRIPTION
2.1 Governing equations
Various coordinate systems are defined. The global coordinate system (denoted with capitals) is aligned in such away that
the X-axis points down into the soil and the Y-axis denotes the horizontal position, perpendicular to the X-axis. Θ is the
(counterclockwise) angle between an axis and the X-axis. The root system consists of multiple straight, interconnected
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root segments with initial orientation Θ0. x and y denote a local coordinate system for an individual root segment, with
x aligned along the nondisplaced root axis. 𝜃 denotes the angle of a displaced root segment axis with respect to x. s is the
coordinate along the deformed root (Figure 2).
The behaviour of a single root segment is modelled using a system of two differential equations. The first one describes
the change in axial strain due to root deformation and axial loading (see Appendix A for derivations of the differential
equations):
−qa = EtA
d𝜖
ds + EbI
d2𝜃
ds2
d𝜃
ds , (4)
where qa is the root-soil interface friction per unit length of root,Et andEb are the elastic root tensile and bending stiffness,
A is the root cross-sectional area, I is the second moment of area for the root, and 𝜖a is the axial strain in s-direction.
The second differential equation describes the bending behaviour:
EbI
d2𝜃
ds3
= ql + N
d𝜃
ds = ql + EtA𝜖a
d𝜃
ds , (5)
where ql is the transverse soil resistance per unit root length, and N is the axial force.
To obtain the root displacement in the x and y directions (u and w), two further differential equations have to be solved
(Figure 3):
du
ds = (1 + 𝜖a) cos 𝜃 − 1, (6)
dw
ds = (1 + 𝜖a) sin 𝜃. (7)
Because the x-y coordinate system is aligned with the nondisplaced root segment, the displaced root segment positions
in x-y space can be described as follows (Figure 2):
x = s + u, (8)
𝑦 = w. (9)
FIGURE 2 Coordinate system and displacement definitions [Colour figure can be viewed at wileyonlinelibrary.com]
FIGURE 3 Link between root axial strain 𝜖a, segment rotation 𝜃, and root deformations defined in the x-y coordinate system aligned with
the nondisplaced root (u and w)
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Solving Equations 4-7 simultaneously yields the root segment deformations in all degrees of freedom expressed in terms
of the local coordinate system x-y. This system of equations requires six boundary conditions to solve. Three conditions
can be defined at each end of the root segment (one for every degree of freedom), either in terms of displacements or
internal forces. For a formulation for the internal axial force N, shear force V, and bending momentM, see Appendix A.
In writing these equations, it is assumed that qa and N act parallel to the deformed root axis and that ql and V act
perpendicular to this axis. This contrasts with previously used small deformation bending models such as Equation 3,
where loads are defined with respect to the original root axis.
2.2 Soil stress distribution
The magnitude of the soil resistance to relative soil-root displacement depends on the stress level in the soil. The vertical
effective stress 𝜎′v at depth X is defined as
𝜎′v = 𝜎′v,0 + X𝛾 ′, (10)
where 𝜎′v,0 is the overburden pressure at the soil surface, and 𝛾 ′ is the soil effective unit weight. Some smoothing was
applied over a zone−5 ≤ X ≤ 5mm using hyperbolic tangent sigmoid curves to guarantee a continuously differentiable
curve that also ensured 𝜎′v ≈ 0 when X < 0 (points located above the soil surface).
2.3 Ultimate transverse root-soil resistance
The soil resistance against transverse displacement is modelled based on theory developed for the soil resistance on
laterally loaded foundation piles, so called p-y theory (eg, Randolph and Gourvenec17). Here, the ultimate transverse
resistance pu is calculated using the p-y theory for vertical piles in drained fully saturated sand developed by Reese
and Van Impe,16 as used also by Liang et al,15 though other existing p-y formulations for different soils could be used if
required. Close to the soil surface, wedge failuremight occur, resulting in an ultimate transverse resistance per unit length
of root equal to
pst = 𝜎′v
[
K0X tan𝜙′ sin 𝛽
tan(𝛽 − 𝜙′) cos 𝛼 +
tan 𝛽
tan(𝛽 − 𝜙′) (d + X tan 𝛽 tan 𝛼)
+ K0X tan 𝛽
(
tan𝜙′ sin 𝛽 − tan 𝛼
)
− Kad
]
,
(11)
where Ka and K0 are coefficients of lateral earth pressure in the active state and at rest, respectively, defined as K0 = 0.4
and Ka = (1 − sin𝜙′)∕(1 + sin𝜙′). Furthermore, 𝛼 = 𝜙′∕2, 𝛽 = 45◦ + 𝜙′∕2 and 𝜙′ the soil friction angle. Wedge failure
will not occur at larger depth, where the confining stress is greater, and the resistance is calculated as
psd = d𝜎′v
[
Ka
(
tan8𝛽 − 1
)
+ K0 tan𝜙′tan4𝛽
]
. (12)
The maximum soil resistance pu is given by
pu = Asmin (pst, psd) , (13)
where As is an empirical multiplication factor for monotonic loading (different values exist for cyclic loading cases),
approximated from Figure 3.24 in Reese and Van Impe16:
As ≈
⎧⎪⎨⎪⎩
0.88 + 0.0988
(
X
d − 4.5
)2 X
d ≤ 4.5
0.88 Xd > 4.5
. (14)
2.4 Ultimate axial root-soil resistance
The maximum axial soil-root resistance per unit root surface area (𝜏u) is modelled as purely frictional:
𝜏u = 𝜎′n tan 𝛿, (15)
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FIGURE 4 Normal stress around the root A, when at rest or B, when laterally displaced [Colour figure can be viewed at
wileyonlinelibrary.com]
where 𝜎′n is the average normal effective stress acting on the soil-root interface, and 𝛿 is the soil-root interface friction
angle. For a vertical root, the normal stress depends on the horizontal stress as well as an additional contribution due to
the the mobilisation of transverse soil resistance:
𝜎′n = K𝜎′v + 𝜎′n,l, (16)
where K is the coefficient of lateral earth pressure, and 𝜎′n,l is the increase in average normal stress due to transverse
root-soil resistance. The underlying assumptions in the p-ymodel by Reese and Van Impe16 are that active earth pressure
is present behind a laterally displacing pile and that pu∕d is the difference in the pressure ahead of the laterally displacing
pile. Assuming an initial normal stress K0𝜎′v, the increase in normal stress due to a transversely displacing root can be
estimated by averaging the change in stress in front, behind, and to the two sides of the pile (see Figure 4):
𝜎′n,l ≈
1
4
(pu
d + Ka𝜎
′
v − K0𝜎′v
)
+ 14
(
Ka𝜎′v − K0𝜎′v
)
= 12Ka𝜎
′
v −
1
2K0𝜎
′
v +
1
4
pu
d . (17)
2.5 Mobilisation of soil resistances
Somemagnitude of relative displacement between root and soil is necessary in order to fullymobilise either the axial or the
transverse resistance. This is modelled using a hyperbolic tangent curve, similar to p-y curves proposed by the American
Petroleum Institute.18 This type of curve has the dual advantage of (1) having an asymptote so that the soil resistance
cannot exceed a certain value (pu or 𝜏u) and (2) being also valid for negative displacements (ie, for directionality of shear
to be considered, which is important as the relative soil-root displacement changes direction when the root crosses the
shear plane, or in the case of cyclic loading). The fraction of the maximum axial (𝜁a) and transverse soil resistance that is
mobilised (𝜁 l) is
𝜁a = tanh
(
Δu
ba
)
, (18)
𝜁l = tanh
(
Δw
bl
)
, (19)
whereΔu andΔw are the relative soil-root displacements in axial and transverse directions, and ba and bl are parameters
governing the mobilisation distance. The mobilised axial and transverse root-soil resistances can now be defined as
qa = 𝜋d𝜁a
(
K𝜎′v + |𝜁l|𝜎′n,l) tan 𝛿, (20)
ql = 𝜁lpu. (21)
For dry medium dense sand and dense sand, Reese and Van Impe16 suggest an initial lateral p-y stiffness of kpy =
24.4XeqMNm−3 and kpy = 61.0XeqMNm−3, respectively, where Xeq is the depth. Because these are derived for cases with
no overburden pressure, it has been assumed here that Xeq = X + 𝜎′v,0∕𝛾 ′. Here, medium dense is defined as sand with
30◦ ≤ 𝜙′ < 36◦ and dense sand as having 𝜙′ ≥ 36◦. kpyXeq should be equal to the initial stiffness of the curve described
by Equation 21, therefore,
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FIGURE 5 Hyperbolic tangent soil displacement curve [Colour figure can be viewed at wileyonlinelibrary.com]
bl =
pu
kp𝑦Xeq
. (22)
Combining Equations 21 and 22 gives a much simpler p-y curve while maintaining the key elements (initial stiffness and
ultimate resistance) compared with the multisegmented methodology suggested by Reese and Van Impe.16
The axial mobilisation distance ba was set to 0.5mm: this implies that 90% of the axial friction is mobilised after a
relative axial soil-root displacement of 0.74mm.This is based on experimental observation of pull-out resistance of vertical
straight 3D-printed acrylonitrile butadiene styrene (ABS) plastic rods in dry sand, in which it was observed that the peak
pull-out resistance wasmobilised after 0.5 to 1.0mm displacement and was diameter independent (1.6 ≤ d ≤ 12.0mm).
Where the soil is able to displace around the roots, as in landslides or a shear box, the soil shear plane is assumed to
be parallel to the soil surface. The soil deformation (at any depth X ) is modelled using a hyperbolic tangent curve (see
Figure 5):
Us = 0, (23)
Ws =
1
2ush
(
1 + tanh
(
X − Xsh
bsh
))
, (24)
where Us andWs are the soil displacements in the global X and Y direction at depth X, respectively; ush is the soil shear
displacement magnitude; Xsh is the depth in the middle of the shear plane; and bsh is a parameter governing the thickness
of the shear zone. In this formulation, the bottom half of the soil slides away from the stationary top half (typical shear box
conditions). However, this is kinematically similar to the case where the top half slides and the bottom half is stationary.
The soil displacement can now be expressed in the local coordinate system of a root segment:
[
us
ws
]
= R(Θ0)
[
Us
Ws
]
, (25)
whereΘ0 is the orientation of the nondisplaced root segment in the global coordinate system, andR is a rotational matrix:
R(𝜃) =
[
cos 𝜃 sin 𝜃
− sin 𝜃 cos 𝜃
]
. (26)
In the model, the soil behaviour is only taken into account as an external load acting on the root. This adds a complica-
tion to the definition of relative root-soil displacement, as the soil strain is not explicitly tracked during the analysis. The
soil-root resistance will depend on the deformation history of the unit of soil present at the deformed position of the root
rather than the original root position. To take this into account, the relative soil-root displacement is defined as follows;
see Figure 6A. First, soil displacements us andws are calculated at the deformed position of the root (C) using Equation 25
and subsequently expressed in a coordinate system aligned with the deformed root segment to find soil displacements u′s
andw′s. Because the direction of soil displacement (𝜃sh, expressed in the local coordinate system x-y) is known, the original
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FIGURE 6 Schematisation of relative soil-root displacement. A point on the root displaced from position “A” to position “C.” The soil that
interacts with the displaced root has moved from original position “B” to displaced position “D” along a path aligned with the soil
displacement orientation 𝜃sh and passing through position “C” [Colour figure can be viewed at wileyonlinelibrary.com]
FIGURE 7 Schematic representation of the effect of the assumed mobilisation path on the direction and magnitude of the soil resistance.
The investigated point on the root is located above the shear plane, so us = ws = 0mm. “Simple” mobilisation assumes that Δu = us − u
and Δw = ws − w [Colour figure can be viewed at wileyonlinelibrary.com]
(B) and the displaced position (D) of the soil affecting the behaviour of the displacement root (at position C) can then be
found. Subsequently, the root displacement is found, which consists of two parts. Initially, the root is modelled as moving
axially from A to B (u′1). Then root rotation 𝜃 takes place. Hereafter, the root moves axially (u′2) and transversely (w
′
1) to
reach the deformed root position C. The relative root-soil displacements can now be expressed as the difference in axial
and transverse deformations between the soil and the root:
[
Δu
Δw
]
=
[
u′s − (u′1 + u′2)
w′s − w′1
]
= R(𝜃)
[
us − w cot 𝜃sh
ws − w
]
+
[
w cot 𝜃sh − u
0
]
. (27)
It is necessary to adopt such a relatively complicated definition for the mobilisation distance, rather than, for example,
simply assuming Δu = us − u and Δw = ws − w, because of the potentially large root deformations. For example, in
the case when the angle between root and shear plane is large (𝜃sh > 90◦), when using such a simple formulation, the
direction of the axial soil resistance might incorrectly reverse for certain parts of the root; see Figure 7. The validity of the
mobilisation path described by Equation 27 will be investigated later in this paper.
In the case of pull-out loading, the soil was assumed to remain stationary: us = ws = 0. Furthermore, the soil dis-
placement orientation 𝜃sh was assumed perpendicular to the nondisplaced root (𝜃sh = 𝜋∕2); see Figure 6B. Therefore, in
the case of pull-out loading, Equation 27 can be simplified to
[
Δu
Δw
]
=
[
−u′1 − u′2
−w′1
]
= R(𝜃)
[
0
−w
]
+
[
−u
0
]
. (28)
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2.6 Boundary conditions
To find the displaced position of a single root segment, the set of differential Equations 4-7 has to be solved simultaneously.
Every set has six unknowns. When the root architecture contains multiple segments (eg, a main root with some side
branches), all sets have to be solved simultaneously. Assuming n segments, this leads to a set of 4n differential equations
with 6n unknowns. Therefore, 6n boundary equations are required.
Two types of nodes were distinguished to define coupling between segments (ie, root system architecture): (1) root end
nodes: nodes towhich only one segment connects and (2) root “middle” nodes: nodes towhichmultiple segments connect
(Figure 2). At a free root end node (not supported in any way), internal root forces have to be zero. This provides three
boundary equations: N = 0, V = 0, andM = 0. When a root end node is constrained in any degree of freedom, one or
more of these changes into a constraint on root displacement. At root “middle” nodes, when they are “free” (ie, not having
any external constraints in any degree of freedom) internal forces in all degrees of freedom have to be in equilibrium,
resulting in another three boundary conditions per “middle” node. Furthermore, at every “middle” node, the global root
displacements have to be equal for every connecting segment. This yields another 3(ns − 1) boundary conditions per
“middle” node (ns is the number of connecting segments to the node). This results in sufficient boundary conditions to
solve the full set of equations.
2.7 Numerical implementation
As the system of equations is too complicated to solve analytically, the (open source) Python programming language
is used to solve the problem numerically, using a boundary value problem solver (solve_bvp) from the integrate
package within the scipy library.19
The problem is solved in a nonincremental fashion, ie, the system of equations is solved directly for any given value
of soil displacement ush. However, the solver struggles to find the solution for larger values of ush because of difficulties
making a good initial guess. Therefore, such larger deformation problems were solved incrementally using runs with
increasing values of ush, using the solution of the last run as the initial guess for the new run. The initial guess for the first
run was no assumed displacement.
2.8 Calculation of root-reinforcement
When the model is used to predict shear reinforcement by roots, the reinforcement (Fr) is defined as the sum of forces
acting in the direction of shearing and the additional resistance against shearing caused by an increase in normal pressure
on the shear plane (compare Equation 2):
Fr =
∑
i
(
Fparallel,i + Fperpendicular,i tan𝜙cv
)
, (29)
where Fparallel,i and Fperpendicular,i are the forces in root segment i parallel and perpendicular to the shear plane, respectively.
Both forces can easily be calculated using the root internal forces (N and V) in the middle of the shear plane and the angle
between the deformed root and the shear plane. The critical state angle 𝜙cv is used in Equation 29 rather than the peak
friction angle because roots typically mobilise their strength at relatively large displacements compared with the soil (eg,
other studies20-22). In the case of vertical pull-out, static equilibrium of forces is assumed at the node at which the pull-out
displacement is prescribed. The pull-out force can therefore be found by summing the vertical components of the axial
and shear force at this node.
2.9 Nondimensionalisation
The system of equations can be nondimensionalised by dividing over root diameter d. Roots are assumed to have
circular-shaped cross sections, so A = 𝜋d2∕4 and I = 𝜋d4∕64. Defining s = ŝd, Equations 4 and 5 can be written as
−
qa
Etd
= 𝜋4
d𝜖a
dŝ +
𝜋
64
Eb
Et
d2𝜃
dŝ2
d𝜃
dŝ , (30)
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𝜋
64
Eb
Et
d3𝜃
dŝ3
=
ql
Etd
+ 𝜋4 𝜖a
d𝜃
dŝ . (31)
This yields the first of the nondimensional parameter groups governing the problem: root stiffness ratio EbE−1t . Axial and
lateral loading terms can be rewritten into
qa
Etd
= 𝜋𝜁a
𝜏u
Et
, (32)
ql
Etd
= 𝜁l
pu
Etd
, (33)
resulting in two further groups: 𝜏uE−1t and puE−1t d−1. When soil and root displacements are also normalised by diameter
d, the mobilisation parameters 𝜁a and 𝜁 l can be expressed as
𝜁a = tanh
(
Δûd
ba
)
, (34)
𝜁l = tanh
(
Δŵd
bl
)
, (35)
yielding two nondimensional strength mobilisation parameters bad−1 and bld−1. The soil displacement profile
(Equation 24) can equally be rewritten in terms of nondimensional parameter group bshd−1. The final nondimensional
group is the root slenderness (Ld−1), which will affect the root behaviour through boundary conditions.
3 MODEL VALIDATION
The model was validated against three sets of laboratory experiments using root analogues:
• Experiment A: Direct shear box testing in dry, medium dense sand reinforced with plastic root analogues.15
• Experiment B: Direct shear box testing in dry, very dense sand reinforced with rubber or wooden root analogues.14
• Experiment C: Pull-out testing in dry or partially saturated sand reinforced with rubber or wooden root analogue
systems with various architectures.23
3.1 Experiment A: Direct shear testing in dry sand with plastic root analogues
3.1.1 Material and methods
Liang et al15 performed direct shear tests in a large (300 × 300 × 270mm) shear box reinforced with 3D-printed ABS root
analogues. The shear plane was located at 75 mm depth, and the effective vertical stress on the shear plane was 4.0, 8.0,
or 12.0 kPa.
Each box was reinforced with one 12mm, six 3mm, and two 1.6mm diameter root analogues each with a length of
150mm. All root analogues were vertically placed with the top of the analogue at the soil surface level and spaced far
apart (s∕D > 8) to avoid root-soil-root interaction. The material behaviour in tension can be approximated using a linear
stiffness up to yielding at approximately 2.5% strain (see stress-strain curves by Liang et al15). The tensile stiffness Et (in
MPa) varies as a function of root diameter d 24:
Et ≈ 3602
(
d
dre𝑓
)−0.606
, (36)
where dref = 1 mm. In model simulations, it was assumed that the bending stiffness Eb is equal to the tensile stiffness Et.
Dry, medium dense HST 95 Congleton silica sand was used (relative density Id = 55% to 60%; d50 = 0.1 mm), corre-
sponding with a dry unit weight of 𝛾 ′ ≈ 16.5 kNm−3. The critical state friction angle25 was 𝜙cv = 32◦. Assuming a shear
plane thickness26 of 10d50, the hyperbolic tangent shear plane parameter bsh was chosen as 0.34mm. This corresponds
with 90% of the shear displacement step change occurring over the shear plane thickness. The coefficient of lateral pres-
sure required to calculate the axial resistance along the root analogue was assumed to be K = K0 = 1 − sin𝜙′. 𝜙′ was
chosen as 𝜙cv, similar to Liang et al.15
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It is assumed that root analogues do not affect each other due to the large spacing, and so the reinforcement contribution
from each root analogue was superimposed to predict the overall root-reinforcement in the shear tests.
3.1.2 Results
The modelled reinforcement was close to the reinforcement measured and modelled by Liang et al15 (Figure 8). The
model captures the initial very stiff response of the reinforcement (0 ≤ ush ⪅ 1mm), followed by a zone of reduced
stiffness (1 ⪅ ush ⪅ 10mm), followed by a shear displacement range in which the reinforcement is more or less constant
FIGURE 8 Modelled and measured root-reinforcement in direct shear tests by Liang et al.15 The sum of individual root contributions
(shaded areas) represents the total modelled reinforcement using the proposed model [Colour figure can be viewed at wileyonlinelibrary.com]
FIGURE 9 Root shapes after 50 mm shear displacement. The dash-dot line indicates the assumed soil displacement profile. Data by Liang
et al15 only available for 1.6 and 12 mm roots under 4 kPa normal stress [Colour figure can be viewed at wileyonlinelibrary.com]
FIGURE 10 Axial strain in the extreme root analogue fibre after 50 mm soil shear displacement. Data by Liang et al15 only available for 1.6
and 12 mm roots under 4 kPa normal stress [Colour figure can be viewed at wileyonlinelibrary.com]
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(ush ⪆ 10mm). The predicted root shape (Figure 9) and root strain (Figure 10) at 50 mm shear displacement are similar to
their model predictions. This should not come as amajor surprise, because their modelling approach, usingmore detailed
p-y curves and using finite elements to solve the beam-spring interaction problem within ABAQUS, was similar to the
simplified approach suggested in this paper. In contrast to the model proposed here, however, the model by Liang et al15
did not consider axial components. The similarity between the two models suggests that the ABS root analogues mainly
reinforce the soil through bending in these tests. This can now be confirmed by our model, which shows that the axial
strain is one to two orders of magnitude smaller than the bending strain. This indicates that for roots of similar stiffness,
where bending dominates the response, neglecting the axial components is acceptable.
In the proposed model, displacements and strains were concentrated closer to the shear plane. This could be due to
the orientation of root forces: in the model described herein, the axial and transverse soil-root resistance work parallel
and perpendicular to the deformed root orientation, while in the model by Liang et al15 the transverse resistance acts
perpendicular to the nondisplaced root orientation.
3.1.3 Sensitivity to model assumptions
The shear band thickness could not be measured during the test and was therefore assumed as 10d50. However, the
presence roots may have widened the shear band through redistribution of load, as observed in direct shear tests on soil
reinforced with artificial fibres.27 To test the sensitivity of the model predictions to the shear band thickness, additional
simulations for individual roots in tests with 8 kPa vertical stress were run with shear bands ranging from 1 to 40mm
(Figure 11). For 1.6mmdiameter root analogues, with increasing shear band thickness, both themaximum reinforcement
and the rate of mobilisation decreased but only when the shear band thickness exceeded 20mm (200d50). For thicker
roots, the influence of the shear band thickness was much smaller. This analysis shows that small uncertainties in the
assumed shear band thickness (10d50 = 1mm) will not have affected the direct shear tests predictions significantly.
A similar sensitivity study was performed for the effect of axial friction. The coefficient of lateral earth pressure K
was varied from 0.5K0 to 4.0K0. Larger confining stresses increased the peak root reinforcement for all roots (Figure 12).
FIGURE 11 Effect of shear band thickness assumption on the predicted behaviour of single acrylonitrile butadiene styrene (ABS) roots in
the case of 8 kPa vertical stress [Colour figure can be viewed at wileyonlinelibrary.com]
FIGURE 12 Effect of lateral earth pressure on the predicted behaviour of single acrylonitrile butadiene styrene (ABS) roots in the case of
8-kPa vertical stress [Colour figure can be viewed at wileyonlinelibrary.com]
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Interestingly, the initial reinforcement “stiffness” was hardly affected, because this initial behaviour is largely governed
by the mobilisation of transverse rather than axial resistance along the root. It can be concluded that small errors in the
axial friction assumptions will only have had a very small effect on the modelled shear box tests.
3.1.4 Validation of resistance mobilisation
The proposed model uses a nonincremental approach to define the mobilised soil resistance, using the simplified
displacement path assumed by Equation 27. To check the validity of this assumption, these simplified “direct” paths
were compared with incrementally determined paths. The latter were found by summing the incremental axial
and transverse displacement components between deformed positions found using the “direct” approach. Figure 13
shows these paths and the effect on mobilisation parameters 𝜁a and 𝜁 l for d = 1.6 and d = 12mm ABS root analogues
under 4 kPa normal stress for a point originally located 15mm above the shear plane. The results show that,
despite the direct and incremental paths being slightly different, the effect on the resistance mobilisation is small.
This can be easily understood by observing that the relative soil-root displacements are large compared with the
displacement required to mobilise resistance (Δu≫ ba, Δw ≫ bl). Therefore, it was concluded that the main func-
tion of mobilisation displacement Equations 27 and 28 is to ensure that soil resistance is present at the right place
along the root (wherever the relative soil-root displacement is finite) and to ensure that this resistance is oriented
correctly.
3.2 Experiment B: Direct shear testing in dry sand with rubber and wooden root
analogues
FIGURE 13 Root displacement and fraction of resistance mobilised (𝜁 ) for a point on the root at an initial depth of X = 60mm for a
d = 1.6 and d = 12mm ABS root analogue under a normal stress of 4 kPa. Shear displacements steps are 2.5mm [Colour figure can be
viewed at wileyonlinelibrary.com]
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3.2.1 Material and methods
Duckett14 performed direct shear tests in a cylindrical (100 mm diameter) shear box reinforced with Viton O-ring rubber
root analogues (RS Components) or beech wooden dowels. The shear plane was located at 50 mm depth, and no overbur-
den pressure was applied. The top of the root analogues was located at the soil surface. Cardboard disks were glued to the
top of the root analogues to prevent them from slipping into the soil during shearing, thus modelling the constraint intro-
duced by the aboveground part of the plant. In the proposed model, this was incorporated by fixing the vertical degree
of freedom at the topmost part of the root analogue (“clamped” cases). To study the effect of clamping, separate model
simulations were performed modelling a free end at the topmost part of the root analogue (“unclamped” cases).
The diameter of the rubber was either 1.6 or 3.0mm, and the diameter of all wooden root analogues was 3.0mm. All
analogues had a length of 150mm. Root analogues were vertically placed in the box in various configurations (Figure 14),
and for every configuration, including the case with no root analogues, three replicates were tested. The reinforcement
was found by subtracting the average nonrooted soil resistance from the measured total shear resistance. In the model
simulations, no root-soil-root interactionwas assumed, so a prediction for an experiment could bemade by superimposing
the modelled force-displacement trace of every root analogue in the test.
FIGURE 14 Experimental and model results of shear box tests by Duckett.14 Shaded areas indicate the standard error of the mean for
experimentally measured values (three tests per root configuration). Reinforcement (y-axis) is defined as the difference between rooted and
unrooted tests. Note that the reinforcement is given per unit cross-sectional area of root analogue [Colour figure can be viewed at
wileyonlinelibrary.com]
FIGURE 15 Tensile tests on 3 mm diameter Viton rubber. Individual tests are represented by different colours [Colour figure can be
viewed at wileyonlinelibrary.com]
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The stiffness of the d = 3mm rubber was tested in tension and the stiffness of the wood in 3-point bending. Because
both were non-linear (Figures 15 and 16), the secant stiffness was fitted using an empirical best-fit curve of the following
form:
Esec =
𝜎
𝜖
= 𝜉1√
1 + 𝜉2𝜖2
+ 𝜉3. (37)
For rubber, fitted parameters are 𝜉1 = 4.43MPa, 𝜉2 = 16.3 [-], and 𝜉3 = 1.21MPa. For the wood, 𝜉1 = 20074MPa,
𝜉2 = 7798 [-], and 𝜉3 = 0.0MPa. The tensile strength of the rubber could not be determined from the test data as the
material was still intact at the maximum tested tensile strain of 𝜖 = 1. For calculating the tensile stiffness (Et) in the
model, 𝜖 = 𝜖a, while for calculating the bending stiffness (Eb), 𝜖 = 0.5𝜅d = 0.5d(d𝜃∕ds) was used.
Duckett14 performed shear tests in dry, very dense Redhill 110 sand (Id = 89%) at a dry unit weight of 16.6 kNm−3.
The critical state and peak friction angles were measured as 𝜙cv = 37◦ and 𝜙′ = 55◦, respectively, using a conventional
60 × 60mm square shear box (Figure 17). Two sets of model simulations were run: one with critical state parameters
(𝜙′ = 𝜙cv = 37◦ and one based on peak parameters (𝜙′ = 55◦, 𝜙cv = 37◦). Interface friction angles for rubber and wood
were not experimentally determined and were assumed to be 𝛿 = 0.75𝜙′ based on values for ABS in Experiment A.
The sand was very dense and the confining stresses very low (𝜎′v < 2.5 kPa), and so, during pull-out, some dilation will
have occurred. This dilation will have increased the radial stress around the root and therefore the axial soil-root interface
resistance. To take this into account, the coefficient of lateral earth pressure was assumed to be equal to the coefficient
for the passive case: K ≈ Kp = (1 + sin𝜙cv)∕(1 − sin𝜙cv) = 4.02.
FIGURE 16 Three-point bending tests on 3-mm diameter beech dowels. Individual tests are represented by different colours [Colour
figure can be viewed at wileyonlinelibrary.com]
FIGURE 17 Direct shear results for dry Redhill 110 sand at a relative density of Id = 89% [Colour figure can be viewed at
wileyonlinelibrary.com]
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FIGURE 18 Deformed root positions after 12.5 mm shear displacement. The solid grey line indicates the assumed displaced soil position
[Colour figure can be viewed at wileyonlinelibrary.com]
3.2.2 Results
None of the root analogues was broken after the maximum shear displacement of 12.5mm was reached. Wooden ana-
logues provided more reinforcement than rubber ones per unit root cross-sectional area (Figure 14). This could be
explained by their greater strength. Furthermore, their resistance is mobilised quicker due to their greater stiffness.
There was some initial compliance in the shear box or slack in the analogues, as the reinforcement generally mobilised
after approximately 0.5 mm shear displacement. When this compliance is ignored, the model using the peak soil friction
angle matched the experimentally measured reinforcement gradient well at the start of the test for both analogue mate-
rials. After approximately 4 to 5 mm shear displacement, however, the experimentally measured reinforcement softened
towards model predictions based on the critical state friction angle. This suggests that for larger shear displacements,
reinforcement predictions should be made using soil critical state parameters rather than peak parameters. In the field,
stress levels will be greater (such as in Experiment A), displacements larger (such as in Experiment C), and soil densi-
ties smaller. Therefore, calculating axial and transverse root resistance using critical state parameters is likely be more
appropriate in these cases.
For rubber root analogues, the effect of clamping the topmost part of the root analogue only started to have an effect after
shear displacement ush ≈ 10mm (d = 1.6mm) or ush ≈ 6mm (d = 3.0mm). At greater deformations, the unclamped
roots simply slipped, causing the reinforcement to stay more or less constant, while clamped roots continued to mobilise
more reinforcement. For wooden root analogues, this threshold displacement was much smaller (ush ≈ 1mm), and
unclamped roots continued to mobilise resistance beyond this point, albeit less than clamped roots.
The model showed clear differences in the root shapes after the maximum shear displacement has been reached
(Figure 18). Flexible rubber analogues followed the soil shear displacement profile closely, while stiffer wooden analogues
behavedmore like rigid piles. This figure also shows that the root deformation followed the soil deformationmore closely
when the axial confinement was small (unclamped cases) or the transverse confinement was large (𝜙′ = 55◦).
Closer root spacing has a negative effect on the reinforcement, as can be seem by comparing Figure 14G (spacing s/root
diameter d = 6.67) to Figure 14H (s∕d = 3.33). This can be explained by root-soil-root interaction.
3.3 Experiment C: Pull-out testing of root analogues
3.3.1 Material and methods
Mickovski et al23 performed pull-out tests on rubber and wooden root analogues in dry and partially saturated sand. The
diameter of the Viton rubber root analogues was 1.7mm. Although Mickovski et al23 used a tensile stiffness of 28.7MPa,
this appears unrealistically high and experimentallymeasured values fromExperiment Bwere used instead. The diameter
of the wooden dowels (Linden wood) was 2.3mm, and their Young's modulus was 1264MPa.23
Three root architectures were considered: (a) tap, (b) herringbone, and (c) dichotomous branching (Figure 19). Each
root analogue protruded 10mm above the soil surface. In the model simulations, the pull-out force was applied to the
topmost point of the root.
The same sand at the same dry density was used as in Experiment B. Pull-out tests were conducted in both fully dry
sand and partially saturated sand (“wet”). In the latter case, samples were first fully saturated and then drained under
an hydraulic head of −450mm at the surface. The water retention characteristics of the sand are unknown, and it was
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FIGURE 19 Root architectures used in pull-out tests by Mickovski et al23
FIGURE 20 Measured and predicted pull-out force-displacement traces for rubber and wooden root analogues in dry and wet (partially
saturated) sand. Experimental data from Mickovski et al23 [Colour figure can be viewed at wileyonlinelibrary.com]
assumed that the suction was below the air-entry value, so that the increase in vertical effective stress equals the change
in suction (ie, 𝜒 = 1; eg, Fredlund and Rahardjo28). The vertical effective stress with depth can then be modelled using
Equation 10 and adopting 𝜎′v,0 = 4.5 kPa (suction effect) and 𝛾 ′ = 𝛾 sat − 𝛾w, where 𝛾 sat is the saturated unit weight
(20.1 kNm−3) and 𝛾w the unit weight of water.
Similar to Experiment B, 𝛿 = 0.75𝜙′ andK = Kpwere assumed because of the high relative density of the soil. Analyses
were run using critical state parameters rather than soil peak parameters due to the large pull-out displacements.
3.3.2 Results
The modelled pull-out force-displacement traces matched the experimentally determined traces well for both rubber and
wooden root analogues (Figure 20). Some discrepancies began to occur at larger displacements. It is hypothesised that
this is caused by a change in the failure mechanism of the soil around the root branches as these approach the soil surface
(note the large relative root-soil deformations in Figure 20).
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FIGURE 21 Measured and modelled shape and strain in root analogue after a displacement ofUpo. Green dashed lines indicate the original
position of the root (model). Images from original data files of Mickovski et al23 [Colour figure can be viewed at wileyonlinelibrary.com]
The least accurate predictions were made for branched, wooden analogues in partially saturated sand. Under these
conditions, the model results for dichotomous and herringbone branched roots almost yielded the same peak pull-out
forces. This reflects the assumed effective stress conditions; the assumed vertical stress at 50 mm depth (𝜎′v ≈ 5.0 kPa)
is almost equal to the assumed stress at 100 mm depth (𝜎′v ≈ 5.5 kPa). The difference with the experimental results is
attributed to unsuitability of the chosen soil transverse resistance model for partially saturated soil, as the model by Reese
and Van Impe16 was validated against laterally loaded piles in fully saturated conditions only.
The herringbone and dichotomous rubber roots in wet soil were reported by Mickovski et al23 to have broken during
testing, explaining the sudden loss in pull-out resistance.As the tensile strength of the rubberwas not knownand therefore
not implemented in the model, such a drop is not visible in the model results.
For all tap roots, the close match between measured and predicted peak forces suggests that the assumption K ≈ Kp
was reasonable. Increases in confining stress during pull-out have been observed previously (eg, Lehane and White29).
The predicted deformed shapes of the root analogues were similar to the ones observed during pull-out of half
cross-section root analogues placed against a perspex viewing window23; see Figure 21. The model shows that the axial
strain in side branches was relatively small compared with the axial strain in the main root, especially for wooden root
analogues. Bending strains in the side branches were relatively large, especially near the branching point. This shows that
additional pull-out resistance introduced by side branches for a significant part stems from transverse rather than axial
soil resistance, even in very flexible materials such as the rubber root analogues.
4 DISCUSSION AND CONCLUSIONS
The validation against experimental data shows that the proposed model can be used on root analogues with widely
ranging stiffnesses (wood, plastic, and rubber), soil stresses typical for roots growing near the soil surface (0 to 12 kPa
vertical effective stress), architectures (unbranched and branched), and loading conditions (direct shear and pull-out). It
should be noted that this range of root analogue stiffness properties and diameters brackets those of a wide range of root
species.
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FIGURE 22 Comparison of dimensionless parametric groups for laboratory experiments and field data. Field data based on estimations of
pu and 𝜏u using cone penetration tests (CPT) and shear vane testing in clayey silt rooted with Pedunculate oak and sandy silt rooted with
Sitka spruce. Et was measured by uniaxial tension tests30 [Colour figure can be viewed at wileyonlinelibrary.com]
Seven nondimensional parametric groups governing the problem were identified. These all have a physical meaning
and can bemeasured or estimated using root biomechanical data and soil properties. Because the axial and lateral soil-root
resistancemobilises relatively quickly compared with typical root displacements, the influence of bad−1 and bld−1 is likely
to be small. In this work, it was assumed that roots do not affect the soil displacement profile (constant bshd−1) because the
number of roots was low. Assuming that the tensile strength of root analogues was similar to the bending strength, it was
hypothesised that differences between analogues largely stemmed from different values of 𝜏uE−1t , puE−1t (which spanned
several orders of magnitude; see Figure 22) and root slenderness Ld−1. All tests using wooden and ABS root analogues
had small values for dimensionless groups pud−1E−1t and 𝜏uE−1t compared with cases with real tree and woody shrub roots
in field conditions measured byMeijer et al.30,31 Tests using rubber root analogues in shallow, dry sand were closer to field
conditions; the small tensile stiffness of rubber compared with real roots was offset by the small soil resistances. All root
analogues tests were short compared with typical root length-diameter relationships. For example, for Norway spruce,32
L ≈ 390
(
d
dre𝑓
)0.56
, (38)
where dref = 1mm. Compared with real roots, the modelled root analogues were axially less constrained due to limited
root lengths. This will have resulted in larger axial deformations and more axial root “slippage.”
A number of key model assumptions are made in the model that need to be addressed in future work:
1. The root behaviour has no influence on the soil behaviour (the shear displacement profile is an input parameter in
the model), so the shape of the shear displacement profile is independent of roots. This is a valid assumption when
roots are sparse and the root area ratio (RAR, ratio of cross-sectional area of root over cross-sectional area of soil)
is small, so that the reinforcement is relatively small compared to the soil shear component. For rooted soil near
the surface, RAR typically does not exceed 1% to 2%. From previous tests, however, it is known that the thickness
of the shear band might increase due to roots/fibres (eg, Shewbridge and Sitar27). A thicker shear band means the
root-reinforcement might be mobilised more gradually as relative root-soil displacements are smaller. The proposed
model does account for a finite thickness of the shear band (which can be manually changed), although it is not
explicitly incorporated into the root-soil interaction.
2. The transverse and axial ultimate resistances pu and 𝜏u are calculated assuming vertical roots in fully saturated, fully
drained purely frictional soil. Future work should focus on the effect of root orientation, unsaturated conditions
(suctions), and loading rates (drained or undrained behaviour) on the magnitude of the soil resistance on the root.
3. In the current version of the model, root failure was not introduced because most of the experimentally tested root
analogues did not fail. Future versions should include a failure criterion based on real root behaviour, as real roots
may break when loaded in shear or pull-out. Although information on root uniaxial tensile behaviour is commonly
measured, (eg, Mao et al4), no reliable data for other failure modes (bending, shear, or interactions) is available and
should be collected for real roots.
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The model validation is inconclusive on whether peak or critical state soil parameters should be used. Direct shear
tests in medium dense sand (Experiment A) and pull-out tests in very dense sand (Experiment C) suggest critical state
behaviour, while the relatively large direct shear reinforcements in very dense sand suggest peak parameters work better
initially, with critical state reached at larger displacements (eg, in catastrophic landsliding). In the field, however, rooted
soils have relatively low densities because roots only grow near the surface (typically in the top 0.5m33). Furthermore, root
growth is limited in soils with penetration resistances exceeding 2MPa.34 Thus, in real field cases, critical state parameters
are likely to be more appropriate.
As for any soil model, choosing realistic input parameters is of the utmost importance. All input parameters for
this model are based on physical properties of roots and soil. Root properties can be derived from uniaxial tension
or bending tests on root segments. The transverse soil resistance can be estimated using models or by experiments
such as penetrometer testing. Estimating realistic interface behaviour between real roots and soil might be more
complicated. Roots might have root hairs and release exudate that strongly affects the soil in the vicinity of the
root (the so-called “rhizophere”). Future work should focus on establishing realistic values for field soils and real
plant roots.
The developed model is computationally friendly (typically the set of differential equations could be solved in under a
second), yetmaintains the key “ingredients” governing root-soil interaction and thereforemechanical root-reinforcement.
This makes large parametric studies feasible, which can aid in identifying the relative influence of various parameters
on root-reinforcement, such as root length, stiffness, strength, architecture, branching, angle between root, and shear
plane. Thus, this model might aid in answering some of the long-standing questions in the root-reinforcement commu-
nity. For example, a more detailed insight might be provided into quantifying (1) the effect of (sequential) mobilisation
of root strength in direct shear based on shear deformation rather than using a FBM, (2) the effect of the angle between
root and shear plane, (3) the effect or root bending and shear forces on root-reinforcement, or (4) the effect of root
architecture/topology.
It should also be noted that the developed model could be used to efficiently and precisely define the equivalent
continuum properties in hybrid beam element-finite element models such as that proposed by Liang et al.15
DATA STATEMENT
The Python code used to produce predictions for single roots in Experiment A is available online,35 as is all data required
to reproduce figures in this manuscript.36
NOMENCLATURE
• Δu relative axial soil-root displacement (mm)
• Δw relative transverse soil-root displacement (mm)
• 𝛿 soil-root interface friction angle (rad)
• 𝜖a axial root strain [-]
• 𝛾 ′ soil effective unit weight (Nmm−3)
• 𝜁a fraction of mobilised ultimate axial soil-root resistance [-]
• 𝜁 l fraction of mobilised ultimate transverse soil-root resistance [-]
• Θ0 angle of the non-deformed root with the vertical (rad)
• 𝜃 root angle in local x − y coordinate system (rad)
• 𝜅 root curvature (radmm−1)
• 𝜉1 parameter in root stress-strain curve (MPa)
• 𝜉2 parameter in root stress-strain curve [-]
• 𝜉3 parameter in root stress-strain curve (MPa)
• 𝜎t root tensile strength (MPa)
• 𝜎′n normal effective stress (MPa)
• 𝜎′n,l additional normal effective stress due to transverse soil-root resistance (MPa)
• 𝜎′v vertical effective stress (MPa)
• 𝜎′v,0 overburden pressure (MPa)
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• 𝜏 current soil-root friction (MPa)
• 𝜏u ultimate soil-root friction (MPa)
• 𝜙′ soil angle of internal friction (rad)
• 𝜙cv critical state friction angle (rad)
• 𝜒 fraction of change in soil effective stress due to matric suction [-]
• A root cross-sectional area (mm2)
• Ash cross-sectional area of shear plane (mm2)
• As empirical constant in p-y curve [-]
• ba axial soil-root resistance mobilisation parameter (mm)
• bl transverse soil-root resistance mobilisation parameter (mm)
• bsh shear plane thickness parameter (mm)
• cr additional soil “cohesion” due to root-reinforcement effects (MPa)
• d root/root analogue diameter (mm)
• Et tensile stiffness (MPa)
• Eb bending stiffness (MPa)
• Fparallel root-reinforcement force in the direction of the shear plane (N)
• Fperpendicular root-reinforcement force perpendicular to the shear plane (N)
• Fr root-reinforcement force (N)
• I second moment of inertia (mm4)
• K coefficient of lateral earth pressure [-]
• K0 coefficient of lateral earth pressure at rest [-]
• Ka coefficient of active lateral earth pressure [-]
• Kp coefficient of passive lateral earth pressure [-]
• k′ Wu/Waldron multiplication factor [-]
• kpyinitial p-y stiffness parameter (MNm−3)
• M internal moment force (Nmm)
• N internal axial force (N)
• p current transverse soil resistance (per unit root length) (Nmm−1)
• pu ultimate transverse soil resistance (per unit root length) (MPa)
• qa axial soil-root resistance (per unit root length) (Nmm−1)
• ql transverse soil-root resistance (per unit root length) (Nmm−1)
• RAR root area ratio (mm2 mm−2)
• s local coordinate along the displaced root axis (mm)
• u axial root displacement (along x-axis) (mm)
• us axial soil displacement (along x-axis) (mm)
• ush soil shear displacement (mm)
• V internal shear force (N)
• w transverse root displacement (along y-axis) (mm)
• ws transverse soil displacement (along y-axis) (mm)
• X soil depth (mm)
• Xsh shear plane depth (mm)
• x local coordinate aligned with nondisplaced root segment axis (mm)
• Y lateral coordinate (mm)
• y local coordinate perpendicular to nondisplaced root segment axis (mm)
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APPENDIX : DERIVATION OF DIFFERENTIAL EQUATIONS
Consider a small element with length ds along the root. The root has a diameter d, bending and tensile stiffness Eb and
Et, a cross-sectional area A, and a second moment of inertia I.
It is assumed that the axial and transverse resistance act along a straight line connecting the beginning and end point
of the small element ds; see Figure A1. qa acts parallel to this line, while ql acts perpendicularly. The (small) effect the
root curvature has on the equilibrium of forces is therefore ignored.
There has to be equilibrium of forces in all three degrees of freedom. Considering equilibrium in the direction of ds:
(N + dN) cos
(1
2d𝜃
)
− (V + dV) sin
(1
2d𝜃
)
− N cos
(1
2d𝜃
)
− V sin
(1
2d𝜃
)
= −qads. (A1)
Equilibrium in the direction perpendicular to ds:
(V + dV) cos
(1
2d𝜃
)
+ (N + dN) sin
(1
2d𝜃
)
− V cos
(1
2d𝜃
)
+ N sin
(1
2d𝜃
)
= −qlds. (A2)
And for equilibrium for the rotational degree of freedom (considering moment equilibrium along the right end of
segment ds):
dM = −12qlds
2 − N sin
(1
2d𝜃
)
ds + V cos
(1
2d𝜃
)
ds. (A3)
The incremental rotation (d𝜃) is considered small, therefore,
cos
(1
2d𝜃
)
≈ 1, (A4)
sin
(1
2d𝜃
)
≈ tan
(1
2d𝜃
)
≈ 12d𝜃. (A5)
FIGURE A1 Equilibrium of a small element ds along the displaced root axis [Colour figure can be viewed at wileyonlinelibrary.com]
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Now the equilibrium conditions in all degrees of freedom can be simplified to
−qads = dN − Vd𝜃 −
1
2dVd𝜃, (A6)
−qlds = dV + Nd𝜃 +
1
2dNd𝜃, (A7)
dM = −12qlds
2 − 12Nd𝜃ds + Vds. (A8)
Dropping second order terms and differentiating to ds yields
−qa =
dN
ds − V
d𝜃
ds , (A9)
−ql =
dV
ds + N
d𝜃
ds , (A10)
dM
ds = V . (A11)
The momentM in the beam depends on the curvature 𝜅. The exact curvature is equal to change in beam angle 𝜃 along
axis s. This is also valid for large deformations. Therefore,
𝜅 = d𝜃ds , (A12)
M = −EbI𝜅 = −EbI
d𝜃
ds . (A13)
Differentiating Equation A13 twice with respect to s and Equation A11 once with respect to s gives two separate
expressions for d2M∕ds2:
d2M
ds2
= −EbI
d3𝜃
ds3
= dVds . (A14)
Substituting dV∕ds from Equation A10 into Equation A14 yields the first of the differential equations describing the
displacements of the deformed root:
EbI
d3𝜃
ds3
= ql + N
d𝜃
ds . (A15)
A second differential equation, describing the axial force N along s, follows from differentiating Equation A13 to find
V using Equation A11 and subsequently substituting the resulting expression for V in Equation A9:
dN
ds = −qa − EbI
d2𝜃
ds2
d𝜃
ds . (A16)
The axial force can be calculated from the axial strain 𝜖a:
N = EtA𝜖a. (A17)
